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B General mechanics

Degrees of freedom minimum number of in-
dependent generalized coordinates needed to de-
scribe system.
Variables

Translation Rotation
Momentum P = mv L = r ×mv = Iω̇

∆ Mom. F = ma N = r × F
Energy T = 1

2
mv2 T = 1

2
Iω̇2

Inertia w.r.t axis If r is the perpendicular dis-
tance from x, then

Ix =
∑
mi∈B

r2mi =

∫
B
r2dm

Parallel axis thm If we know Ix, and r is the
distance between Ix and Ix′ , then:

Ix′ = Ix +mr2

Conserved quantities (1) Energy, (2) linear
momentum and (3) angular momentum.

B Lagrangian mechanics

Hamilton’s principle The true evolution of a
system is the path that minimizes

I =

∫ b

a

L (q(t), q̇(t), t) dt

and I is minimized when δI = 0. A necessary
condition is that the EL eqns are satisfied.

The Lagrangian The Lagrangian is given by:

L = T − V

where T is kinetic energy and V is potential en-
ergy. It is useful to note that:

Ttotal = Ttranslation + Trotation

Cyclic variables A variable q is cyclic if
∂L/∂q = 0. In other words L 6= L(q) and q is
a conserved quantity. Typical in systems with ro-
tational invariance.

Euler-Lagrange eqns(
∂L

∂qi

)
− d

dt

(
∂L

∂q̇i

)
= 0 ,∀ variables qi

Lagrange multiplier method Instead of re-
ducing number of generalized coordinates, use the
constraint f(qi, t) = C to set up

L 7→ L′ = L+ λ (f(qi, t)− C)︸ ︷︷ ︸
constraint

The constraint force is Fi = ∂λf(qi,t)
∂qi

B Hamiltonian mechanics

Canonical variables Let H(q, p) be the Hamil-
tonian, then

ṗi = −∂H
∂qi

q̇i =
∂H

∂pi
(1)

(q, p) are the canonical variables, and any trans-
formation preserving eqn (1) is canonical.

Hamiltonian from Lagrangian Compute
canonical momenta

pi =
∂L

∂q̇i

and use H =
∑

i q̇ipi−L, eliminate q̇i from equa-
tion so that H = H(q, p).

Legrende transform The transformation
L(q, q̇) 7→ H(q, p) is a Legrende transform. For
f(x), the Legrende transform is:

f ∗(x∗) = sup
x

(x∗x− f(x))

B Numerical methods

Symplecticity A method yi+1 = Φh (yi) is sym-
plectic iff J = MJMT , where J is the canonical
symplectic matrix

(
0 I
−I 0

)
and M = ∂Φh (yi) /∂yi.

Canonical transformation A change of vari-
ables (q, p) 7→ (Q,P ) is symplectic if J = MJMT ,
where M = ∂(new)/∂(old) = ∂Qi/∂qi. A trick
if the variable change is difficult is to express
the equation as AM = B and transform to
M = A−1B.

H (q (Q,P ) , p (Q,P )) = K (Q,P )



B Numerical methods cont.

Linearization Assume that we have ẋ = f(x).
To examine around a stationary point x0, write
x = x0 + ∆x. Then ẋ = f(x0 + ∆x) ≈ f(x0) and

ẋ = J(x0)∆x = J(x0)∆x

Examine the eigenvalues and eigenvectors of
J(x0)∆ to see the behavior of the system.

Discrete Euler-Lagrange eqns We minimize

M−1∑
i=1

[
∂1L

(
qi, qi+1

)
+ ∂2L

(
qi−1, qi

)]
δqi

by requiring that

∂1L
(
qi, qi+1

)
+ ∂2L

(
qi−1, qi

)
= 0

Construct discrete Lagrangian LD like so

LD = h

[
T

(
qi+1 − qi

h

)
− V (qi)

]

An important check When solving problems
related to numerics, remember to check behavior
as h→ 0. It should look like the continuous case.


